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2021 AMC 10B Spring

e How many integer values of g satisfy |z| < 37 ?(2021 AMC Spring 10B, Question #1)

A9 B. 10 C. 18 D. 19 E. 20

Answer b

Solution 1:

Since 3 is about 9.42, we multiply 9 by 2 for the numbers from 1 to 9 and the

numbers from —1 to —9 and add 1 to account for the zero to get (D) 19.

Solution 2:

|z| < 3w <= —3w < ¢ < 3x. Since « is approximately 3.14, 3w is approximately 9.42. We
are trying to solve for —9.42 < = < 9.42, where z € Z. Hence, —9.42 < z < 9.42

= —9 <z <9, for z € Z. The number of integer values of z is 9 — (—9) + 1 = 19.

Therefore, the answer is (D) 19 .

e What is the value of 1/(3 — 2v/3)* + /(3 +2/3)? 2(2021 AMC Spring 108, Question #2)
A 0 B. 43-6 C.6 D. 43 E. 44/3+6

Answer ]

Solution 1:

Note that the square root of any number squared is always the absolute value of the
squared number because the square root function will only return a nonnegative
number. By squaring both 3 and 24/3, we see that 24/3 > 3, thus 3 — 24/3 is negative,
so we must take the absolute value of 3 — 24/3, which is just 24/3 — 3. Knowing this,

the first term in the expression equals 24/3 — 3 and the second term is 3 + 24/3, and
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summing the two gives (D) 44/3.

Solution 2:

Let = /(3 — 2v3)? +/(3+2v3)%, then 2? = (3 — 2v/3)* +24/(-3)* + (3+ 2v/3)*. The
24/(—3)? term is there due to difference of squares when you simplify 2ab from

(a + b)%. Simplifying the expression gives us z? = 48, so z = (D) $4 \sqrt{3}

e In an after-school program for juniors and seniors, there is a debate team with an equal
number of students from each class on the team. Among the 28 students in the
program, 25% of the juniors and 10% of the seniors are on the debate team. How many
juniors are in the program?(2021 AMC Spring 10B, Question #3)

A5 B. 6 C.8 D. 11 E. 20

o
Sqution 1:

Say there are j juniors and s seniors in the program. Converting percentages to

fractions, % and 1—‘; are on the debate team, and since an equal number of juniors

and seniors are on the debate team,

J_2

4 10

Cross-multiplying and simplifying we get 55 = 2s. Additionally, since there are 28
students in the program, j + s = 28. It is now a matter of solving the system of

equations %7 =28

and the solution is j = 8, s = 20. Since we want the number of
j+ s =28,

juniors, the answer is (C)8

Solution 2:
We immediately see that E is the only possible amount of seniors, as 10% can only
correspond with an answer choice ending with 0 . Thus the number of seniors is 20

and the number of juniorsis28 —20 =8 — C.
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a At a math contest, 57 students are wearing blue shirts, and another 75 students are
wearing yellow shirts. The 132 students are assigned into 66 pairs. In exactly 23 of these
pairs, both students are wearing blue shirts. In how many pairs are both students
wearing yellow shirts?(2021 AMC Spring 10B, Question #4)

A. 23 B. 32 C. 37 D. 41 E. 64

oo

There are 46 students paired with a blue partner. The other 11 students wearing
blue shirts must each be paired with a partner wearing a shirt of the opposite color.
There are 64 students remaining. Therefore the requested number of pairs is % =

(B) 32

a The ages of Jonie's four cousins are distinct single-digit positive integers. Two of the
cousins' ages multiplied together give 24, while the other two multiply to 30 . What is
the sum of the ages of Jonie's four cousins?(2021 AMC Spring 10B, Question #5)

A 21 B. 22 C. 23 D. 24 E. 25

oo

First look at the two cousins' ages that multiply to 24 . Since the ages must be
single-digit, the ages must either be 3 and 8 or 44and6$ .
Next, look at the two cousins' ages that multiply to 30 . Since the ages must be
single-digit, the only ages that work are 5and 6 . Remembering that all the ages must
all be distinct, the only solution that works is when the ages are 3,8 and 5,6 . We are

required to find the sum of the ages, whichis3+8+5+6 = (B) 22.

a Ms. Blackwell gives an exam to two classes. The mean of the scores of the students in

the morning class is 84, and the afternoon class's mean score is 70 . The ratio of the
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number of students in the morning class to the number of students in the afternoon
class is % What is the mean of the scores of all the students?(2021 AMC Spring 10B,
Question #6)

A 74 B. 75 C. 76 D. 77 E. 78

oo
Sqution 1:

Let there be 3z students in the morning class and 4z students in the afternoon class.
3z-84+4x-70

The total number of students is 3z + 4z = 7z. The average is m 76.
Therefore, the answeris (C) 76.

Solution 2:

Of the average, 3 J3r 1= g of the scores came from the morning class and ; came
from the afternoon class. The average is g -84+ ; -70 = (C)76.

a In a plane, four circles with radii 1,3,5, and 7 are tangent to line £ at the same point 4,
but they may be on either side of £. Region S consists of all the points that lie inside
exactly one of the four circles. What is the maximum possible area of region § ?(2021
AMC Spring 10B, Question #7)

A. 24n B. 327 C. 64n D. 657 E. 84x

oo B

Suppose that line £ is horizontal, and each circle lies either north or south to £. We
construct the circles one by one: 1. Without the loss of generality, we draw the circle
with radius 7 north to £. 2. To maximize the area of region S, we draw the circle with
radius 5 south to £. 3. Now, we need to subtract the circle with radius 3 at least. The
optimal situation is that the circle with radius 3 encompasses the circle with radius 1

, in which we do not need to subtract more. That is, the two smallest circles are on
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the same side of ¢, but can be on either side. The diagram below shows one possible

configuration of the four circles:

- m e e m m e e mp—e e = .

Together, the answer is 7- 7% + 7+ 52 — - 3> = (D) 657

e Mr. Zhou places all the integers from 1 to 225 into a 15 by 15 grid. He places 1 in the
middle square (eighth row and eighth column) and places other numbers one by one
clockwise, as shown in part in the diagram below. What is the sum of the greatest

number and the least number that appear in the second row from the top?

[ |

2112223242

1916 | 1| 2 111]---| (2021 AMC Spring 10B, Question #8)

P
oo
[wi |
i
[oTN]

12
17116151413

A. 367 B. 368 C. 369 D. 379 E. 380

Solution 1:
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In the diagram below, the red arrows indicate the progression of numbers. In the
second row from the top, the greatest number and the least number are D and E,

respectively. Note that the numbers in the yellow cells are consecutive odd perfect

squares, as we can prove by induction.

I2
a£r
By observations, we proceed as follows:
A=152=225,B=132 =169 — C=A-14=211
= D=C-1=210 Therefore,

= FE=B-12=157
the answer is D+ E = (A) 367 .

Solution 2:

SB6IT (#£28T)



. ' Think Academy

From the full diagram below, the answer is 210 + 157 (A) 367 |

211(212|213|214|215|216]217]|218]219]220(221|222|223|224|225
-158 159(160{161|162|163|164|165|166{167(168[169(170
209(156{111{112|113|114)115]116)117|118{119{120}121|122|171
208[155[110f T3 | T4 | TH | 76 | 77 | 78 | 79| 80 [ 81 | 82 123|172
207(154(109f T2 [ 43 |44 | 45 | 46 | 47 | 48 [ 49 [ 50 | 83 [124(173
206153108 71 [42 |21 122123124 125[26 |51 | 84 [125(174
205(152[107f 7O [ 41 (20 ) 7 | 8 | 9 | 10|27 [ 52 | 85 [126{175
204{151f106f 69 [40 [ 19) 6 | 1 | 2 |11 |28 53 | 86 [127(176
203[{150f105) 68 | 39 | 18

on

41 3 112129 54 | 87 (128|177

202)11491104 67 [ 38 |17 | 16 | 151 14 [ 13 [ 30 | 55 | 88 |129]178

201 114811031 66 [ 37 | 36 | 35 | 34 | 33 [ 32 [ 31|56 | 89 1130(179
2000114711021 65 [ 64 | 63 | 62 1 61 | 60 [ 59 [ 58 | 57 | 90 1131180

1991146{101{100{ 99 | 98 [ 97 [ 96 | 95194 1 93 1 92 | 91 [132[181
198(145[144(143|142)141|140]139)138[137[136{135|134] 133|182
197(196[195(194)193) 192|191 190189 [188[18T[186|185]184]|183

The point P(a,b) in the zy-plane is first rotated counterclockwise by 90° around the point
(1,5) and then reflected about the line y = —z. The image of P after these two
transformations is at (—6,3). What is b — a ?7(2021 AMC Spring 10B, Question #9)

A1 B. 3 C.5 D.7 E. 9

Solution 1:
The final image of P is (—6,3). We know the reflection rule for reflecting over y = —=z
is (z,y) — — > (—y, —). So before the reflection and after rotation the point is (-3, 6).

By definition of rotation, the slope between (-3,6) and (1,5) must be perpendicular
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56 _ 1 This means

to the slope between (a,b) and (1,5). The first slope is -3 12

the slope of P and (1,5) is 4.

Rotations also preserve distance to the center of rotation, and since we only
"travelled" up and down by the slope once to get from (3, —6) to (1,5) it follows we
shall only use the slope once to travel from (1,5) to P. Therefore point P is located at

(1+1,5+4)=(2,9). The answeris9 —2=7= (D)

Solution 2:

Let us reconstruct that coordinate plane as the complex plane. Then, the point P(a,b)
becomes a + b -i. A 90° rotation around the point (1,5) can be done by translating
the point (1,5) to the origin, rotating around the origin by 90°, and then translating

the origin back to the point (1, 5).

a+b-i=(@-1)+(b-5)-i= ((a—1)+(b—5)-%)-i=

B is reflecti [
5—b+(a—1)i—> 5+1—b+(a—145)i=6— bt (artd) o) Pasis reflection rules,

the reflection of (-6, 3) about the line y = —z is (-3, 6). Hence,

6-b+(a+4)i=-34+6i—=b=9,a=20—-a=9-2=7= (D).~

@ An inverted cone with base radius 12-cm and height 18-cm is full of water. The water is
poured into a tall cylinder whose horizontal base has radius of 24~cm. What is the height
in centimeters of the water in the cylinder?(2021 AMC Spring 10B, Question #10)

A 15 B. 3 C. 4 D. 45 E. 6

[
Solution 1:

.1 . . . .
The volume of a cone is 3T 2 . h where r is the base radius and h is the height.
The water completely fills up the cone so the volume of the water is
% -18 - 1447 = 6 - 144x. The volume of a cylinder is = - 72 - h so the volume of the water

in the cylinder would be 24-24 -7 - h.
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We can equate these two expressions because the water volume stays the same like
6

this 24-24-7-h=6-1447. We get 4h =6 and h = 1 So the answer is 1.5 = (A).
Solution 2:

The water completely fills up the cone. For now, assume the radius of both cone and
cylinder are the same. Then the cone has % of the volume of the cylinder, and so the
height is divided by 3 . Then, from the problem statement, the radius is doubled,

meaning the area of the base is quadrupled (since 22 = 4).

Therefore, the height is divided by 3 and divided by 4 , which is 18 + 3+ 4 =1.5=(A)

m Grandma has just finished baking a large rectangular pan of brownies. She is planning
to make rectangular pieces of equal size and shape, with straight cuts parallel to the
sides of the pan. Each cut must be made entirely across the pan. Grandma wants to
make the same number of interior pieces as pieces along the perimeter of the pan.
What is the greatest possible number of brownies she can produce?(2021 AMC Spring
10B, Question #11)

A 24 B. 30 C. 48 D. 60 E. 64

ool
Sqution 1:

Let the side lengths of the rectangular pan be m and n. It follows that
(m—-2)(n-2)= % since half of the brownie pieces are in the interior. This gives
2(m — 2)(n — 2) = mn < mn — 4m — 4n + 8 = 0. Adding 8 to both sides and applying
Simon's Favorite Factoring Trick, we obtain (m — 4)(n — 4) = 8. Since m and n are
both positive, we obtain (m,n) = (5,12), (6,8) (up to ordering). By inspection, 512 =

(D) 60 maximizes the number of brownies.

Solution 2:
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Obviously, no side of the rectangular pan can have less than 5 brownies beside it.
We let one side of the pan have 5 brownies, and let the number of brownies on its
adjacent side be z. Therefore, 5z = 2. 3(z — 2), and solving yields z = 12 and there are
5.12 = 60 brownies in the pan. 64 is the only choice larger than 60, but it cannot be
the answer since the only way to fit 64 brownies in a pan without letting a side of it
have less than 5 brownies beside it is by forming a square of 8 brownies on each

side, which does not meet the requirement. Thus the answer is (D) 60 .

@ Let N =34.34-63-270. What is the ratio of the sum of the odd divisors of N to the sum
of the even divisors of N ?(2021 AMC Spring 10B, Question #12)

A . 1:16 B. 1:15 C.1:14 D.1:8 E. 1:3

o
Sqution 1:

Prime factorize N to get N = 23.3%.5.7.172. For each odd divisor n of N, there exist

even divisors 2n,4n, 8n of N, therefore the ratiois1:(2+4+8)=(C)1:14

Solution 2:
Prime factorizing N, we see N =23 .3%.5.7.172. The sum of N 's odd divisors are
the sum of the factors of v without 2, and the sum of the even divisors is the sum
of the odds subtracted by the total sum of divisors. The sum of odd divisors is given
by a= (1+3+3%+3%+3*+3%) (1+5)(1+7)(1+17+17%) and the total sum of
divisorsis (1+2+4+8) (1 +3+3*+3*+3*+3%) (1+5)(1+7) (1 + 17+ 17*) = 15a

a

I a
Th t =—= 1:14.
us, our ratio is ——— = T~ (©)

@ Let n be a positive integer and d be a digit such that the value of the numeral 32d in
base n equals 263 , and the value of the numeral 324 in base n equals the value of the

numeral 11d1 in base six. What is n 4+ d?(2021 AMC Spring 10B, Question #13)
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A 10 B. 11 C. 13 D. 15 E. 16

ool
Sqution 1:

We can start by setting up an equation to convert 32d base n to base 10 . To convert
this to base 10, it would be 3n? + 2n + d. Because it is equal to 263, we can set this
equation to 263. Finally, subtract d from both sides to get 3n? + 2n = 263 — d. We can
also set up equations to convert 324 base n and 11d1 base 6 to base 10 . The
equation to covert 324 base n to base 10 is 3n® + 2n + 4. The equation to convert 11d1
base 6 to base 10 is 6% + 6% + 6d + 1.

Simplify 6% + 6% + 6d + 1 so it becomes 6d + 253. Setting the above equations equal to

each other, we have 3n® + 2n + 4 = 6d + 253. Subtracting 4 from both sides gets

3n? +2n=263—d
3n? + 2n = 6d + 249

Set 263 — d equal to 6d + 249 and solve to find that d = 2. Plug d = 2 back into the

3n? + 2n = 6d + 249. We can then use equations to solve for d.

equation 3n? + 2n = 263 — d. Subtract 261 from both sides to get your final equation
of 3n? + 2n — 261 = 0. We solve using the quadratic formula to find that the solutions

are 9 and —10. Because the base must be positive, n = 9. Adding 2 to 9 gets (B) 11

Solution 2:
32d is greater than 263 when both are interpreted in base 10, so n is less than 10 .

Some trial and error gives n = 9.263 in base 9 is 322, so the answeris9+2=(B) 11.

@ Three equally spaced parallel lines intersect a circle, creating three chords of lengths
38,38, and 34 . What is the distance between two adjacent parallel lines?(2021 AMC
Spring 10B, Question #14)

A 5% B. 6 C. 6= D. 7

SB11TT (#£28MW)



I';' Think Academy

ool
Sqution 1:

Since two parallel chords have the same length (38), they must be equidistant from
the center of the circle. Let the perpendicular distance of each chord from the center
of the circle be d. Thus, the distance from the center of the circle to the chord of
length 34 is 2d + d = 3d and the distance between each of the chords is just 2d. Let
the radius of the circle be r. Drawing radii to the points where the lines intersect the
circle, we create two different right triangles: - One with base % =19, height d, and
hypotenuse » ( ARAO on the diagram) - Another with base % =17, height 2d + 4,

and hypotenuse r ( ALBO on the diagram) By the Pythagorean theorem, we can
19 +d* =1

create the following system of equations:
g5y . 172+ (2d+d)? =1

, Solving, we find d = 3,

so2d=(B)6.

Solution 2:
Because we know that the equation of a circle is (z — a)? + (y — b)? = r® where the
center of the circle is (a,b) and the radius is r, we can find the equation of this circle

by centering it on the origin. Doing this, we get that the equation is z? + 4 = r?.
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Now, we can set the distance between the chords as 2d so the distance from the
chord with length 38 to the diameter is d.

Therefore, the following points are on the circle as the y-axis splits the chord in half,

(19,d)
that is where we get our z value: (19,—d) Now, we can plug one of the first two
(17, —3d)

192 +d* =7
172 + (3d) = r*
Subtracting these two equations, we get 19? — 17 = 842 - therefore, we get

value in as well as the last one to get the following equations:

72 = 8d%2 — d*> = 9 — d = 3. We want to find 2d = 6 because that's the distance

between two chords. So, our answer is B.

@ The real number z satisfies the equation z + % = /5. What is the value of «'* — 72" + 2*
?(2021 AMC Spring 10B, Question #15)

A -1 B. 0 C.1 D. 2 E. 5

ool
Solution 1:

1 1 .
We square = + . VvBtogeta® +2+ — = 5. We subtract 2 on both sides for
€T
1 . 1 1
@’ + — =3 and square again, and see that z* + 2+ — =9 so z* + — = 7. We can
T A T
divide our original expression of z!! — 72" 4+ z* by 27 to get that it is equal to

1 . -
z’ (:1:4 -7+ —4) Therefore because z* + i4 is 7, it is equal to " (0) = (B)0.
T T

Solution 2:

. We can

Multiplying both sides by z and using the quadratic formula, we get \/Ezi !

V5+1
2
2> —z —1=0, i.e. we have z? = z + 1. Repeatedly using this on the given (you can

assume that it is

, and notice that this is also a solution the equation
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also just note Fibonacci numbers),

@ Call a positive integer an uphill integer if every digit is strictly greater than the previous
digit. For example, 1357,89 , and 5 are all uphill integers, but 32,1240, and 466 are not.
How many uphill integers are divisible by 15 ?(2021 AMC Spring 10B, Question #16)

A 4 B. 5 C. 6 D.7 E. 8

o
Sqution 1:

The divisibility rule of 154isthatthenumbermustbecongruentto0 \bmod 3andcongruentto0
mod5. BeingdivisiblebySmeansthatitmustendwitha5ora0

. Wecanruleoutthecasewhenthenumberendswitha0
immediatelybecausetheonlyintegerthatisuphillandendswitha0is0

whichisnotpositive. Sonowweknowthatthenumberendswitha5

. Lookingattheanswerchoices, theanswerchoicesareallprettysmall,3 . Thesenumbersare
sowecangenerateallofthenumbersthatareuphillandaredivisibleby

15,45,135,345,1245,12345$, or (C) 6 numbers.

Solution 2:

First, note how the number must end in either 5 or 0in order to satisfying being
divisible by 15. However, the number can't end in 0 because it's not strictly greater
than the previous digits. Thus, our number must end in 5. We do casework on the
number of digits.

Case 1: 1 digit. No numbers work, so 0 numbers.

SB14TT (#£28MW)



l';' Think Academy

Case 2: 2 digits. We have the numbers 15,45, and 75, but 75 isn't an uphill number,
so 2 numbers

Case 3: 3 digits. We have the numbers 135,345, so 2 numbers.

Case 4: 4 digits. We have the numbers 1235, 1245 and 2345, but only 1245 satisfies this
condition, so 1 number.

Case 5: 5 digits. We have only 12345, so 1 number. Adding these up, we have

24+24+1+1=(C)6.

Q Ravon, Oscar, Aditi, Tyrone, and Kim play a card game. Each person is given 2 cards out
of a set of 10 cards numbered 1,2,3,...,10. The score of a player is the sum of the
numbers of their cards. The scores of the players are as follows: Ravon- —11, Oscar —4,
Aditi- 7, Tyronel6 , Kim-17. Which of the following statements is true?(2021 AMC
Spring 10B, Question #17)

A. Ravon was given card 3. B. Aditi was given card 3.
C. Ravon was given card 4 . D. Aditi was given card 4 .

E. Tyrone was given card 7 .

oo

By logical deduction, we consider the scores from lowest to highest: Oscar's score is
4.— Oscar is given cards 1 and 3 . = Aditi is given cards 2 and 5. = Ravon is
given cards 4 and 7 . = Tyrone is given cards 6 and 10 . = Kim is given cards 8
and 9 . Therefore, the answer is (C) Ravon was given card 4. Certainly, if we read the

answer choices sooner, then we can stop at ( x) and pick (C).

@ A fair 6-sided die is repeatedly rolled until an odd number appears. What is the
probability that every even number appears at least once before the first occurrence of

an odd number?(2021 AMC Spring 10B, Question #18)

1 1 1 3
A.m B.3—2 C.2—0 © 30
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E.

1

o
Solution 1:

There is a % chance that the first number we choose is even. There is a % chance

that the next number that is distinct from the first is even. There is a % chance that

the next number distinct from the first two is even. % . % . i = % so the answer is
1

C) —

© 20

Solution 2:

Every set of three numbers chosen from {1, 2, 3,4, 5,6} has an equal chance of being
the first 3 distinct numbers rolled.

Therefore, the probability that the first 3 distinct numbers are {2,4, 6} is

=05

(5)

@ Suppose that S is a finite set of positive integers. If the greatest integer in § is removed

from 8, then the average value (arithmetic mean) of the integers remaining is 32 . If the

least integer in § is also removed, then the average value of the integers remaining is 35

. If the greatest integer is then returned to the set, the average value of the integers

rises to 40 . The greatest integer in the original set S is 72 greater than the least integer

in S. What is the average value of all the integers in the set § ?(2021 AMC Spring 10B,

Question #19)

A. 36.2 B. 36.4 C. 36.6 D. 36.8 E. 37

ool
Solution 1:
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Let the lowest value be L and the highest G, and let the sum be Z and the amount of

- Z-L- Z-L
G:32, G=35, 1:40,andG=L+72.

numbers n. We have
n—2 n—

n—1
Clearing denominators gives Z — G = 32n — 32,Z — L — G = 35n — 70, and

Z — L = 40n — 40. We use G = L + 72 to turn the first equation into Z — L = 32n + 40.
Since Z — L = 40(n — 1) we substitute it into the equation which gives n = 10. Turning
the second into Z — 2L =35n+ 2 using G = L + 72 we see L = 8 and Z = 368 so the

average is $\frac{Z}{n}=(D) 36.8

Solution 2:
Let z be the greatest integer, y be the smallest, z be the sum of the numbers in S

excluding z and y, and k be the number of elements in S. Then, $ = z + y + z Firstly,

when the greatest integer is removed, % = 32 When the smallest integer is also

S—z—y
removed, ————= =
k—2

are given that z = y + 72 After you substitute ¢ = y + 72, you have 3 equations with 3

35 When the greatest integer is added back, ST_Z; =40 We

unknowns S,yand k. § —y—72=32k—32 S — 2y — 72 =35k — 70 S — y = 40k — 40 This
can be easily solved to yield k =10,y = 8,5 = 368. .". average value of all integers in

the set = §/k = 368/10 = 36.8, D)

@ The figure is constructed from 11 line segments, each of which has length 2 . The area of
pentagon ABCDE can be written as ,/m + ,/n, where m and n are positive integers.
What is m +n ?(2021 AMC Spring 10B, Question #20)

A
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A 20 B. 21 C. 22 D. 23 E. 24

ol
Sqution 1:

Let M be the midpoint of CD. Noting that AED and ABC are 120 — 30 — 30 triangles

because of the equilateral triangles,

AM = \/AD*> - MD? = \/Z12—1 = /11 = [ACD] = /11 Also,

AED] =2-2- 1 -5in 120° = /3 (or split AAED into two 30 — 60 — 90 triangles) and so
2 p g

[ABCDE] = [ACD] + 2[AED] = /T + 2¢/3 = V11 + y/12 = (D)23]

Solution 2:

C D

Draw diagonals AC and AD to split the pentagon into three parts. We can compute

the area for each triangle and sum them up at the end. For triangles ABC and ADE,
1 43 .

they each have area 2 - PR /3. For triangle ACD, we can see that

AC = AD = 24/3 and CD = 2. Using Pythagorean Theorem, the altitude for this

triangle is 4/11, so the area is 4/11. Adding each part up, we get

2¢/3+ /11 = /12 + /11 = (D) 23.

@ A square piece of paper has side length 1 and vertices A4, B,C, and D in that order. As

shown in the figure, the paper is folded so that vertex C meets edge AD at point ', and
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edge BC intersects edge AB at point E. Suppose that C'D = % What is the perimeter of

triangle AAEC' ?(2021 AMC Spring 10B, Question #21)
A C’ D

A 2 B. 1+ 23
C

136 D.1+33

o
Solution 1:

We can set the point on CD where the fold occurs as point F. Then, we can set FD
as z, and CF as 1 — z because of symmetry due to the fold. It can be recognized that

this is a right triangle, and solving for z, we get,

2
z2+(%) =(1—:v)2—>m2+%=w2—2m+1—>a}=§Weknowthisisa3—4—5

triangle because the side lengths are %, %, g We also know that EAC’ is similar to

C'DF because angle EC'F is a right angle. Now, we can use similarity to find out

!
=é*§=2.

. . . AC
that the perimeter is just the perimeter of C' DF « 3*3

DF

. Thats just % *

SIS

Therefore, the final answer is A
Solution 2:

Let line we're reflecting over be ¢, and let the points where it hits AB and CD, be M

and N, respectively. Notice, to reflect over a line we find the perpendicular passing
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through the midpoint of the two points (which are the reflected and the original). So,

we first find the equation of the line £. The segment CC’ has slope 1 __2}3 = -3,
implying line £ has a slope of % Also, the midpoint of segment CC’ is (%, %) o)
line £ passes through this point. Then, we get the equation of line £ is simply

y= %z + % Then, if the point where B is reflected over line £ is B, then we get BB’

. . . . . 11
is the line y = —3z. The intersection of £ and segment BB’ is (—1—5, E)‘ So, we get

2 2 . . 1 . .
B = (_E’ E)‘ Then, line segment B'C’ has equation y = %m +5,50 the point E is

. 1 - .
the y-intercept, or (0, 5). This implies that AE = %,AC’ = ; and by the
Pythagorean Theorem, EC' = % (or you could notice AAEC' is a 3 — 4 — 5 right
triangle). Then, the perimeter is % + ; + % =2, so our answer is (A) 2

@ Ang, Ben, and Jasmin each have 5 blocks, colored red, blue, yellow, white, and green;
and there are 5 empty boxes. Each of the people randomly and independently of the
other two people places one of their blocks into each box. The probability that at least
one box receives 3 blocks all of the same color is % where m and n are relatively prime
positive integers. What is m 4+ n 7(2021 AMC Spring 10B, Question #22)

A 47 B. 94 C. 227 D. 471 E. 542

ool
Solution 1:

Let our denominator be (5!)3, so we consider all possible distributions. We use PIE
(Principle of Inclusion and Exclusion) to count the successful ones. When we have at
1 box with all 3 balls the same color in that box, there are 5C;5P; - (4!)® ways for the
distributions to occur 5C; for selecting one of the five boxes for a uniform color, 5P,
for choosing the color for that box, 4 ! for each of the three people to place their
remaining items).

However, we overcounted those distributions where two boxes had uniform color,

and there are 5Cy5 P, - (3!)3 ways for the distributions to occur 5C; for selecting two
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of the five boxes for a uniform color, 5 P, for choosing the color for those boxes, 3!
for each of the three people to place their remaining items).
Again, we need to re-add back in the distributions with three boxes of uniform color

.-+ and so on so forth. Our success by PIE is

5Cy - 5Py - (4')3 —5C5 5Py - (3')3 +5C35P; - (2')3 —5Cy5 Py - (1')3 +5C5 - 5P5 - (0')3 =120

- 2556.
120-2556 71

1200 400
yielding an answer of 471 (D).

Alternate Simplification

As In Solution 1, the probability is

(i)-5-(4!)3— (;>-5-4-(3!)3+(:>-5-4-3-(2!)3— (Z) -5-4-3-2-(1!)3+(§)

.5-4-3.2.1
(513
5.5.-(4)3 —-10-5-4-(3)3+10-5-4-3- (208 —5.5!+5! . .
= (4) ( )(-15_')3 ) i Dividing by 5 !, we get
5.(4)-10-(3)2+10-(2)2 -5+1 5.6:24—-10-9+10—1

BE . Dividing by 4, we get 30120

Dividing by 9, we get 5:2:8-10+1 7

10 - 40 ~ 400

= (D) 471

Solution 2:

Use complementary counting. Denote T, as the total number of ways to put n colors
to n boxes by 3 people out of which £, ways are such that no box has uniform color.
Notice T;, = (n!)3. From this setup we see the question is asking for 1 — (;:5)3 . To find

f5 we want to exclude the cases of a) one box of the same color, b) 2 boxes of the

same color, c) 3 boxes of same color, d) 4 boxes of the same color, and e) 5 boxes of
the same color. Cases d) and e) coincide. From this, we have

fs=T5 - (i) (i) < fa— (2) (2) 220 fy — (g) (Z) -3!. f,, — 5! In case b), there

are (;) ways to choose 2 boxes that have the same color, (Z) ways to choose the

two colors, 2 ! ways to permute the 2 chosen colors, and f3 ways so that the
remaining 3 boxes don't have the same color. The same goes for cases a) and c). In
case e), the total number of ways to permute 5 colors is 5 I. Now, we just need to

calculate fo f3 and f4.
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We have f, =T, — 2 = (2!)® — 2 = 6, since we subtract the number of cases where the
boxes contain uniform colors, which is 2 .

In the same way, f3 =T5 — [3! + (i’) (?) -fg] = 156 - again, we must subtract the

number of ways at least 1 box has uniform color. There are 3 ! ways if 3 boxes each
contains uniform color. Two boxes each contains uniform color is the same as
previous. If one box has the same color, there are (i’) ways to pick a box, and (i’)
ways to pick a color for that box, 1 ! ways to permute the chosen color, and f, ways

for the remaining 2 boxes to have nonuniform colors. Similarly,

oo (8)(2) e (3) (2] -
e[ 0 ()0 2 () Q) es] o

306,720 _ 71/400 and the answer is (D) 471

Thus, the probability is 517

A square with side length 8 is colored white except for 4 black isosceles right triangular
regions with legs of length 2 in each corner of the square and a black diamond with side
length 24/2 in the center of the square, as shown in the diagram. A circular coin with
diameter 1 is dropped onto the square and lands in a random location where the coin is
completely contained within the square. The probability that the coin will cover part of
the black region of the square can be written as i(a + by/2 + ), where ¢ and b are

196
positive integers. What is a + b 7(2021 AMC Spring 10B, Question #23)
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Diagram

Note that the center of the coin can lie anywhere inside a green region, as shown below.

o

A. 64 B. 66 C. 68 D. 70 E. 72

success region

To find the probability, we look at the . For the coin to be

total possible region

completely contained within the square, we must have the distance from the center
of the coin to a side of the square to be at least % as it's the radius of the coin. This
implies the total possible region is a square with side length 8 — % - % =7, with an
area of 49 . Now, we consider cases where needs to land to partially cover a black
region.

Near The Center Square We can have the center of the coin land within % outside
of the center square, or inside of the center square. We have that the center lands
either outside of the square, or inside. So, we have a region with % emanating from
every point on the exterior of the square, forming four quarter circles and four
rectangles. The four quarter circles combine to make a full circle of radius % so the
area is % The area of a rectangle is 24/2 - % = +/2, so 4 of them combine to an area of

44/2. The area of the black square is simply (24/2)* = 8. So, for this case, we have a

combined total of 8 + 44/2 + g Onto the second (and last) case.
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Near A Triangle We can also have the coin land within % outside of one of the
triangles. By symmetry, we can just find the successful region for one of them, then
multiply by 4. Consider the above diagram. We can draw an altitude from the
bottom corner of the square to hit the hypotenuse of the green triangle. The length
of this when passing through the black region is /2, and when passing through the
white region (while being contained in the green triangle) is % However, we have to
subtract off when it doesn't pass through the red square. Then, it's the hypotenuse

5 V32

of a small isosceles right triangle with side lengths of % or = So, the altitude of

. . 1 2 241 .
the green triangle is /2 + 5~ g = \/_2+ . Then, recall, the area of an isosceles

right triangle is %, where b is the altitude from the right angle. So, squaring this, we
3+2¢2

get . Now, we have to multiply this by 4 to account for all of the black
triangles, to get 3 + 24/2 as the final area for this case.

Finishing Then, to have the coin touching a black region, we add up the area of our
T 44424247

successful regions, or 8 +44/2 + % +34+2/2=114+62+ 1= 1 The
44424247
. e . T4 4442442 L .
total region is 49 , so our probability is 449 ks 19\({_4_#, which implies

a+ b =44+ 24 = 68. This corresponds to answer choice (C) 68 .

@ Arjun and Beth play a game in which they take turns removing one brick or two adjacent
bricks from one "wall" among a set of several walls of bricks, with gaps possibly creating
new walls. The walls are one brick tall. For example, a set of walls of sizes 4 and 2 can be

changed into any of the following by one move: (3,2), (2,1, 2), (4), (4,1),(2,2), or (1,1,2).

|:|
' ’ gu e

Arjun plays first, and the player who removes the last brick wins. For which starting

configuration is there a strategy that guarantees a win for Beth?(2021 AMC Spring 10B,
Question #24)

A. (6,1,1) B. (6,2,1) C. (6,2,2) D. (6,3,1) E. (6,3,2)
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ool
Sqution 1:

We say that a game state is an N-position if it is winning for the next player (the
player to move), and a P-position if it is winning for the other player. We are trying
to find which of the given states is a P-position.

First we note that symmetrical positions are P-positions, as the second player can
win by mirroring the first player's moves. It follows that (6,1,1) is an N-position,
since we can win by moving to (2,2,1,1); this rules out (A). We next look at (6,2, 1).
The possible next states are

(6,2),(6,1,1),(6,1), (5,2,1), (4,2,1,1), (4,2,1),(3,2,2,1),(3,2,1,1), (2,2,2,1). None of
these are symmetrical, so we might reasonably suspect that they are all N-positions.
Indeed, it just so happens that for all of these states except (6,2) and (6,1), we can
win by moving to (2,2,1,1); it remains to check that (6,2) and (6,1) are N-positions.
To save ourselves work, it would be nice if we could find a single P-position directly
reachable from both (6,2) and (6,1). We notice that (3,2,1) is directly reachable from
both states, so it would suffice to show that (3,2,1) is a P-position. Indeed, the

possible next states are (8,2),(3,1,1),(3,1),(2,2,1),(2,1,1,1),(2,1,1), which allow for
(3,2) — (2,2), 3,1,1) —» (1,1,1,1), (3,1) — (1,1)
2,2,1) = (2,2), (2,1,1,1) > (1,1,1,1), (2,1,1) = (1,1)
Hence, (3,2,1) is a P-position, so (6,2) and (6,1) are both N-positions, along with all

the following refutations:

other possible next states from (6,2,1) as noted before. Thus, (6,2,1) is a P-position,
so our answer is (B). (For completeness, we could also rule out (C), (D) and (E) as in
Solution 2.) -Note: In general, this game is very complicated. For example (8,7,5, 3, 2)

is winning for the first player but good luck showing that.

Solution 2:

(6,1,1) can be turned into (2,2,1,1) by Arjun, which is symmetric, so Beth will lose.
(6,3,1) can be turned into (3,1,3,1) by Arjun, which is symmetric, so Beth will lose.
(6,2,2) can be turned into (2,2,2,2) by Arjun, which is symmetric, so Beth will lose.

(6,3,2) can be turned into (3,2, 3,2) by Arjun, which is symmetric, so Beth will lose.
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That leaves (6,2,1) or (B)

a Let S be the set of lattice points in the coordinate plane, both of whose coordinates are
integers between 1 and 30, inclusive. Exactly 300 points in S lie on or below a line with
equation y = mz. The possible values of m lie in an interval of length %, where a and b
are relatively prime positive integers. What is a + 5?(2021 AMC Spring 10B, Question
#25)

A 31 B. 47 C. 62 D. 72 E. 85

oo |
Sqution 1:

First, we find a numerical representation for the number of lattice points in S that are
under the line y = mz. For any value of z, the highest lattice point under y = mz is

|mz|. Because every lattice point from (z,1) to (z, |mz]) is under the line, the total

30
number of lattice points under the line is Z(Lma:]).

z=1

Now, we proceed by finding lower and upper bounds for m. To find the lower
bound, we start with an approximation. If 300 lattice points are below the line, then
around % of the area formed by § is under the line. By using the formula for a

triangle's area, we find that when z = 30, y =~ 20. Solving for m assuming that (30, 20)

30
is a point on the line, we get m = ; Plugging in m to Z(Lmzj), we get:
c=1
LN
Z (sz) =0+1+2+2+3+---+18+18+19+ 20 We have a repeat every 3

z=1

values (every time y = gm goes through a lattice point). Thus, we can use arithmetic

sequences to calculate the value above:

30
2
Z([—zD =0+1+2+2+3+.--+18+18+19+20

— 3
z=1
20(21)
=T+2+4+6+--'+18
20
=21 —
0+ 2 9
= 300
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This means that % is a possible value of m. Furthermore, it is the lower bound for m.
This is because y = gz goes through many points (such as (21,14) ). If m was lower,
y= gm would no longer go through some of these points, and there would be less
than 300 lattice points under it. Now, we find an upper bound for m. Imagine
increasing m slowly and rotating the line y = ma, starting from the lower bound of
m= ; The upper bound for m occurs when y = mz intersects a lattice point again
(look at this problem to get a better idea of what's happening:
https://artofproblemsolving.com/wiki/index.php/2011_AMC_10B_Problems/Problem
_24). In other words, we are looking for the first m > ; that is expressible as a ratio

of positive integers P with q < 30. Foreachgqg=1,...,30, the smallest multiple of 1
q q

WhichexceedszislE 334 19 19 20 21
3 7273’45 72772829 30

1 1 1 . M . .
these is 19 Alternatively, see the method of finding upper bounds in solution 2 . The

respectively, and the smallest of

28°
. 2 .1 . .1 .
lower bound is 3 and the upper bound is % Their difference is 31’ S° the answer is
1+ 84 = 85.

An alternative would be using Farey fractions and the mediant theorem to find the
upper bound. ; and 1—70 gives 1% and so on using Farey addition.

Solution 2:

I know that I want about % of the box of integer coordinates above my line. There
are a total of 30 integer coordinates in the desired range for each axis which gives a
total of 900 lattice points. I estimate that the slope, m, is ; Now, although there is
probably an easier solution, I would try to count the number of points above the line
to see if there are 600 points above the line. The line y = gm separates the area
inside the box so that ; of the are is above the line. I find that the number of
coordinates with z = 1 above the line is 30, and the number of coordinates with

z = 2 above the line is 29 . Every time the line y = %x hits a y-value with an integer
coordinate, the number of points above the line decreases by one. I wrote out the
sum of 30 terms in hopes of finding a pattern. I graphed the first couple positive
integer « coordinates, and found that the sum of the integers above the line is

30 +29 + 28 + 28 + 27 + 26 + 26.. .. + 10. The even integer repeats itself every third
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term in the sum. I found that the average of each of the terms is 20, and there are
30 of them which means that exactly 600 above the line as desired. This give a lower
bound because if the slope decreases a little bit, then the points that the line goes
through will be above the line. To find the upper bound, notice that each point with
an integer-valued z-coordinate is either % or ; above the line. Since the slope
through a point is the y-coordinate divided by the z coordinate, a shift in the slope
will increase the y-value of the higher z-coordinates. We turn our attention to

z = 28,29, 30 which the line y = ;z intersects at y = %, %, 20. The point (30,20) is
already counted below the line, and we can clearly see that if we slowly increase the

. L . . 56\ . .
slope of the line, we will hit the point (28,19) since (28, ?> is closer to the lattice

point. The slope of the line which goes through both the origin and (28,19) is

Y= ;—zm This gives an upper bound of m = % Taking the upper bound of m and

subtracting the lower bound yields v o2_1

58 "3 81 This is answer 1 + 84 = (E)85.

58287 (#£28M)



